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Combinatorial optimization

I Decisions: M⊂ {0,1}d , weights θ ∈ [0,1]d

I Maximize µ(M) = MT θ =
∑d

i=1 Miθi overM

i

j

θij

bcbc

bc

bcbc

bc

2 / 22



Combinatorial optimization ... in the bandit setting
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Bandit vs Semi-bandit

Choose M(n) based on previous samples:

M(n) = (1, 1, 0, 0, 0, 1) ∈ M

X(n) = (0, 1, 1, 0, 1, 0)
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Bandit vs Semi-bandit

Choose M(n) based on previous samples:

M(n) = (1, 1, 0, 0, 0, 1) ∈ M

X(n) = (0, 1, 1, 0, 1, 0)

M(n)TX(n) = 2 X(n) = (0, 1,×,×,×, 0)

Bandit Semi-Bandit
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Regret

I Minimize regret:

Rπ(T ) = max
M∈M

E

[
T∑

n=1

MT X (n)

]
︸ ︷︷ ︸

oracle

−E

[
T∑

n=1

M(n)T X (n)

]
︸ ︷︷ ︸

your algorithm

.

I Stochastic: X (n) i.i.d. , E[X (n)] = θ , X1(n), ...,Xd (n)
independent.

I Adversarial: X (n) chosen beforehand by an adversary.
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Application 1: Shortest path routing
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Application 2: Channel Allocation
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Stochastic case: prior work

How do we quantify problem size ?
I Dimension d = dimM,
I Decision size m = maxM∈M

∑d
i=1 Mi ,

I Optimality gap ∆ = minM 6=M∗(µ
∗ − µ(M))

I Regret upper bounds:
LLR CUCB CUCB ESCB

(Gai, 2012) (Chen, 2013) (Kveton, 2014) (Present work)
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Optimism in the face of uncertainty
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Optimism in the face of uncertainty

M

µM
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bM (n)

µM+
+

+
+

Choose M(n) ∈ argmax bM (n)

Analysis idea:

E[tM(T )] ≤
T∑

n=1

P[bM?(n) ≤ µ∗]︸ ︷︷ ︸
o(log(T ))

+
T∑

n=1

P[M(n) = M,bM(n) ≥ µ?]︸ ︷︷ ︸
dominant term

.
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Index construction

I Empirical mean θ̂i(n), number of observations: ti(n).
I Naive approach: consider each component of θ separately
I Hoeffding’s inequality, w.p. 1−O(T−1):

∣∣∣θ̂i(n)− θi

∣∣∣ ≤√2 log(T )

ti(n)

I Index:

bM(n) = µ̂M(n) +
d∑

i=1

Mi

√
2 log(T )

ti(n)
.

I Too conservative: we ignored independence !

I Intuition: var(µ̂M(n)) = O(
∑d

i=1
Mi

ti (n) ).
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Confidence intervals: one dimension

λ

kl(θ̂, λ)

+
10

log(1/δ)

θ̂θ
+

P [θ ∈ [b−, b+] ≥ 1− δ

b+b−
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Confidence intervals: multiple dimensions

Idea: concentration of empirical KL-divergence.

θ̂(n)

B = {λ :
∑

i
ti(n)kl(θ̂i, λi) ≤ log(1/δ)}

λ
θ

×
× ×

P [MT θ ≤ maxλ∈B MTλ] ≥ 1− δ
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Proposed algorithm: ESCB

bM(n) = max
λ∈[0,1]d

d∑
i=1

Miλi

s.t.
d∑

i=1

Mi ti(n)kl(θ̂i(n), λi) ≤ log(T ).

I bM computed by a line search (KKT conditions)
I UCB-like index:

cM(n) = µ̂M(n) +

√√√√ d∑
i=1

Mi
log(T )

2ti(n)
.
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Regret analysis

Theorem
The regret under ESCB satisfies R(T ) = O

(
d
√

m log(T )
∆

)
I Idea: cM(n) ≥ bM(n) ≥ MT θ with high probability
I Crucial concentration inequality:

Lemma (Combes et al., COLT 2014)

P
[
maxn≤T

∑d
i=1 Mi ti(n)kl(θ̂i(n), θi) ≥ δ

]
≤ Cm(log(T )δ)me−δ

I Proof: multi-dimensional peeling.
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Regret Lower Bound
How far are we from the optimal algorithm ?

I Uniformly good algorithm: Rπ(T ) = O(log(T )) for all θ.

Theorem
For any uniformly good algorithm, lim infT→∞

Rπ(T )
log(T ) ≥ c(θ), with

c(θ) solution to:

inf
c∈(R+)|M|

∑
M∈M

cM(µ∗ − µ(M))

s.t.
d∑

i=1

kl(θi , λi)
∑

M∈M
cMMi ≥ 1 , ∀λ ∈ B(θ).

I Proof idea: Graves and Lai’s LP.
I Decision M must be sampled at least cM log(T ) times.
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Towards an explicit lower bound

How does c(θ) scale with d ,m and ∆ ?

I The LP is not explicit, we must work harder ...
I Idea: consider a covering of the suboptimal items
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Towards an explicit lower bound
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Towards an explicit lower bound
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bc bc bc
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H1 H2
H3

H = {H1, H2, H3}

I Proposition: c(θ) = Ω(|H|/∆)

I For most problems |H| = Ω(d −m).
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Some numerical experiments, matchings
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Conclusion

I Efficient algorithms for online combinatorial optimization
I Much more in the paper: adversarial + bandit feedback
I http://arxiv.org/abs/1502.03475

I A (personal) conjecture: ESCB is asymptotically optimal

Thank you for your attention !
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